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Toward a Lean and Lively Calculus: Report of the Conference / Workshop to Develop 
Curriculum and Teaching Methods for Calculus at the College Level. Donald G. 
Douglas, Editor. The Mathematical Association of America, 1987. xxi + 249 pp. 
RICHARD W. HAMMING 
Deportmelll of Computer Scie11ce, Nova/ Pastgaduate School, Montere_1'. Col1/omia 9)94) 
There has recently been a lot of noise about revising the calculus course to meet 
modem needs, and it is natural that the needs of society change. But it is also all too 
common that the changes are not recognized by those in charge until many years 
later. For example, E. E. David once remarked to me that our society has passed 
from a manufacturing society to a service oriented one, but the appropriations for 
R & D, especially those from Washington, show no recognition of this fact. I 
similarly observe that we have moved from a society dominated by mechanics and 
electrical circuits in engineering to one dominated by probability and statistics, but 
that the mathematical curriculum has not changed accordingly. And, I would say, 
for about the same reasons. 
The students have also changed. One change that has often been noted is that as 
we have broadened the base of enrollment we have lowered the average level of 
competence. The recent burst of the "New Mathematics" has not helped in their 
earlier education as both they and their teachers remain, to a great extent, demoral· 
ized. But the students have changed in other ways-they recognize that they do not 
live in a world of mechanical things (as I did in my youth) but rather a very 
different world to which almost all that they read in the current calculus books 
appears to be irrelevant. The artificial problems that appeal to us generally do not 
appeal to them with their sense of "relevance." They remain passively engaged in 
the courses we currently teach. There is liLtle identification of the content with their 
possible lives, but rather mathematics is a chore, a hurdle to be got by as gracefully 
as posc:ihle. We ?:?u!:t fir.c :.ppl: ..... t;via.; ihcil cippc:ai to i.ne students as they are at the 
time they are in class. I expect that the economics problems I see in the calculus 
books seem to them (as they do to me) little more than empty stuff, and the 
biological examples are not much better! The problems must have some real 
connection with life as they are leading ii, involve things that they have heard about 
and are interested in. 
There is another fundamental difficulty with the teaching of mathematics as it is 
presently done. Any systems engineer knows that if you optimize the parts of a 
system then almost surely the system performance will degrade. We have finally 
managed to hone the individual courses like calculus and linear algebra so lhal they 
are optimum for themselves-and in the process the teaching of mathematics has 
degraded. Until each course in mathematics is designed to support the whole system 
we will have this counterproductive result. I occasionally teach, for the mathematics 
department, a classic (static) linear algebra course while for the electrical engineer· 
ing department I teach dynamic linear algebra under the name "digital filters." 
Generally speaking, the static course is completely unaware of the dynamic side of 
linear mathematics. 
We now tum to the basis for complaining about the current calculus courses as 
taught. There are two sources possible: those from within and those from without 
the system. Taking first those from within, we see that there is in facl just one 
standard calculus book with but very minor differences (including the proofs given!) 
is widely used, while excellent books written by first class mathematicians that 
deviate very far are simply ignored. Since it is the professors who choose the texts 
we have lo assume, no matter what they claim, that the books being used represent 
y1bat they want. With the power of ch ·1icr: rest~ the responsibility. There are other 
books around, but the proressors will not choose them! From this you conclude that 
there is, in fact, no large scale complaint from within. 
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We are a democracy, and this, along with academic freedom, means that any 
college that wants to try new things has the power to do so in spite of screams of not 
being compatible with the rest of the system. Refonn can be accomplished in this 
country by the democratic process of the individuals voting as they believe and not 
by central dictatorship (as was once tried by a few pure mathematicians with great 
financial backing to force the New Mathematics on the world). Until the professors 
(who have the power to select) change, there will be little change no matter how 
much noise is made or how many committees and reports are produced. 
The complaints from the outside have been mainly from the computer science 
departments who fancy that they must have a course in discrete mathematics-but 
there is little agreement on what is wanted. Most of the books so far produced look, 
at least to this reviewer, like a hodge-..,vdge of isolated topics that are often only 
loosely connected. Indeed, often a notation that is introduced early in the book is 
simply abandoned later! 
Some of the loudest advocates in the past for abandoning calculus for a discrete 
mathematics course have gradually toned down their complaints as they have 
paused to listen to the simple fact that discrete mathematics carried very far usually 
leads to generating functions (which imply series, integration and differentiation), 
and the generation of a new identity from an old one uses the method of calculus 
(or else a completely contrived derivation that is meaningless to the student). These 
complainers seem now to be more in agreement that what they want is the calculus 
with more discrete mathematics incorporated, like generating functions and dif-
ference equations. But, Apostol's magnificient books have long had a lot of discrete 
in them, so the texts are there (including one by this reviewer} but are seldom used. 
I doubt that the computer science departments will get the mathematics depart-
ments to change much. The American Mathematical Society forced the formation of 
the Association for Computing Machinery long ago by not even allowing a single 
session on numerical methods. The Computer Science departments may very well 
take up teaching discrete math courses, but they also very likely will not be satisfied 
with what they do in the long run, unless they include a lot of the continuous 
calculus. 
Any competent mathematician knows that the use of complex variables in 
number theory has been very fruitful-the extremes of discrete and continuous 
(analytic in fact) meet here successfully to the advantage of both. Indeed, there is a 
whole field known as an!yti::: m.:mbei theo1y that blends the two. Similarly, as 
noted above, combinatorics in any depth rests on generating functions. It appears to 
this reviewer that any attempts to enforce a strict separation is damaging to both. 
We have yet to discuss what the calculus is. To pure mathematicians it is an 
interesting exercise in the real line and mappings. To scientists and engineers it is a 
powerful tool kit of methods (why else the name?) to be applied in many situations. 
But here we run into trouble. The slant given by the current mathematical texts does 
not fit what is wanted and in fact leads to ridiculous results. For example, the 
popular (Bourbaki?) definition of a function as a set of ordered pairs runs right into 
the simple desire to count multiple zeros as multiple zeros (as needed, for example, 
in linear differential equations with constant coefficients). The static definition is 
also inappropriate to the calculus which is the study of change, (dynamics}. A 
function in the calculus is more like a curve being traced by a moving point than it 
is a set of pairs of numbers. Newton used the word "fluxions" to describe his 
dynamic picture of what is going on. From Newton through Euler, it was the 
dynamic view of function that gave them inspiration. The static definitions may 
have provided some rigor, but at the cost of a meaningful treatment as far as the 
engineers and scientists are concerned, let alone the students! The current books are 
a poorly digested mixture of the static New Math and the dynamic calculus of 
change-and you see it in most of the books when the author forgets what he 
purports to believe and lapses into the dynamic view. 
But there is another aspect of the calculus that is sometimes recognized. The 
expression "mathematical maturity," whatever it means to you, is probably achieved 
first, if at all, in the calculus course where there is so much generality that the 
student cannot get by with blind memoffiation, but must come to terms with the 
manipulation of symbols obeying given relationships-one important aspect of 
mathematics! For example, 
and the variable :c or t does not matter. Any extensive simplification of the contents 
of the calculus course is in grave danger of losing this essential step in the 
mathematical development of the student. We can change the contents, to be sure, 
but we need to be very wary of making it "eru.y." 
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This aspect of the calculus can be stated in another way. I once went to my 
favorite dean who was very concerned with teaching and told him the following 
story. I was, so I said, teaching a weight-lifting class, and the final test was to lift 
250 pounds. I saw that many students had to repeat the course, that many got 
discouraged and dropped out, and that few pas ed. One night, worrying about this, I 
decided that I should cut the weights in half, and the final test would then be to lift 
one set of 125 pounds and then the second set, thus in the end lifting the 250 
pounds. I went on to say, ''When I make a presentation in class of some material 
significantly easier, am I not cutting the weight in half?" We are trying in the long 
run to develop the " mental muscles" of the students, and it is not the particular 
content and its presentation that is the long range ~oal. Thus, making the course 
easier and easier for the student to learn is perhaps counterproductive to the 
development of the student's mind. This is one of the many reasons why I doubt the 
wisdom of trying to teach the calculus to the brighter high school students- I fear 
that the weights are indeed lifted, but that there is deception in the process. There is 
not the development of the mind which is the goal. I am well aware that it is 
difficult to measure this elusive development I am speaking of, but to tum around 
and measure irrelevant things and base one's judgment on them seems to me to be 
sheer folly- though that is what is done in most educational circles! 
It is not easy to decide if the textbooks are thicker because of more new and 
essential material or because of more worked examples, more pictures, more 
problems, more introductions and summaries, and more background reviews of 
needed mathematics. I recall that my college text had the topics of envelopes, 
evolutes, etc. Envelopes are essential to the understanding of the solution of first 
order nonlinear ordinary differential equations because it is the envelope, which is 
not in the so-called " general solution," that often is wanted in practice. The idea is 
thus a fundamental one, but has been dropped from the texts. I cannot do a simple 
objective survey of the books by counting lines devoted to the various aspects 
because this method founders on the simple fact that an author may use what 
appears to be a worked example and follow with a few lines of text saying "From 
the example follows the general case of ... " 
This reviewer, based on his 30 years as an industrial mathematician, tends to feel 
strongly that the ability to juggle symbols as the pure mathematician does without 
regard to the immediate meaning of the symbols is but half of being a mathemati-
cian. The other half is the ability to apply the mathematics to the real world. The 
students also seem to feel that playing the mathematical game (as many mathemati-
cians will claim they are doing when pushed lo the wall about the meaning of 
mathematics) is no more meaningful than playing bridge and chess as a lifetime 
career. The calculus is one of the great fields of mathematics where applications are 
easy to find that can be meaningful to the students as they are. 
I need to discuss another well known aspect of mathematics- that it is the art of 
abstraction, generalization, and extension. It seems to me that this is not best taught 
by starting with abstract postulates, but rather by beginning with the concrete and 
teaching the process of abstraction. Thus in class just a few days ago we had the 
problem of finding the maximum area of a rectangle that can be put inside a certain 
ellipse. I got the answer to it, and of course it was merely the answer. Then I turned 
to the general ellipse, found the solution for it and showed that: (1) it matched one's 
ideas for a circle, (2) it gave the earlier specific case, (3) it was much more 
understandable than the specific case, and (4) it had all the symmetry and dimen-
sional analysis it should have. They could then see that it was simply the case of a 
square in the circle tilted until it looked like the ellipse they originally had been 
given. The abstraction shed light on the specific case that was obscured by its 
particular details. We need to do such abstractions regularly if we are lo teach 
mathematics and not just cover the ground. 
There is yet one final aspect of what calculus is and is not. It is in many respects 
the systematic evasion of hard computation: how to go right to the answer without 
fumbling around! Often the calculus gives you the method. Thus trying to blend 
numerical analysis and the calculus is a lot like mixing water and oil. A small 
amount of computing is useful, though trying to claim that computing an infinite 
series to show its convergence is plain dangerous-the harmonic series will converge 
(slowly to be sure) on a computer to a finite value, but in mathematics the limit is 
infinite. Furthennore, any serious numerical computation uses floating point num-
bers (von Neumann to the contrary!) and most mathematicians are very ill prepared 
to understand them. Fi.iating point numbers are tricky, ve1y unlike the standard 
number system of mathematics, and the teachers who do not master floating point 
arithmetic will simply look like fools to kno-.vledgeable students who have done 
extensive computation on their computers. 
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Let me now tum to the book being reviewed, Toward a Lean and Lively Calc11/11s, 
which is the result of a Symposium held January 2-6, 1986, at Tulane University 
with the 25 distinguished attendees, listed in the front. A statistician friend of mine 
used to say, "Let me pick the sample, and I will let you do the analysis." So I 
looked closely at the names and where they were from. There were 16 from 
mathematics departments, one I recognized as an engineer, a lot of professional 
educators at various levels, a professor from Courant Institute, and one high school 
teacher-but none from industry that I could recognize. Well, given the sample, it is 
not hard to deduce, without reading much, what the book will contain. The reports 
and papers are good as far as they go. For example, Stein is clearly right when he 
tries to find out where the complaints are coming from, and finds none in the 
standard places, and Renz agrees that the discrete is being oversold. 
Being in a rather protected place in the educational system, I had not known that 
classes of 500 or more calculus students are widespread. I was appalled at first, but 
when I thought it over, there is no absolute reason against classes of this size, 
provided they are well done. But the fact that graduate students manage most of the 
quiz sections, and probably not the best mathematical and teaching professors are 
used to give the lectures, makes one worry. One proposal in the report that the 
graduate students be given courses in teaching will have no effect unless the 
graduate students perceive that it will count toward getting their Ph.D. degrees - and 
I cannot believe that mathematics departments will do this in the near future. What 
is seldom thought about is this; only one f acuity person sees the class size of 500 or 
more, but 500 students see that size, which is quite a different matter! I have had 
some time to think the idea over and to talk to friends about it, and I cannot believe 
that there are many places (there may be a few) where it is well done. I have a sick 
feeling when I consider how such courses probably work out in practice. 
If you think that the calculus is merely technique and the course is a drill place, 
then maybe you can defend that size, but if you think that it is an educational 
experience then you will have to reconsider matters. Of course it can be defended on 
the grounds that it makes the students learn for themselves and that this is good, but 
I still have a very heavy heart when 1 think that this is what we are doing to eager, 
expectant beginners in the field of mathematics. No wonder we have so few math 
majors! 
The failure rate of 50% in many places also makes me wonder. To the outsider it 
appears to be a heartless method without any attempt to weed out the losers before 
starting. One would think that a good precalculus course, or else a stiff qualifying 
exam in order to be excused, would be widespread, and once a student was in a 
calculus course there would be a reasonable probability of passing. But according to 
the report, failure rates of 50% seem to be regular-and there seems to be little 
apology for it. It is foolish for the mathematics departments to accept the onus of 
eliminating the less able ztudents from the university! 
I suspect that the complaints about the calculus course arise from these monster 
classes and the way they are handled-and from the professors who do not want to 
teach the calculus course, though I myself clearly believe the calculus course should 
be changed. 
As I said, there is much wisdom in the report; Renz for example seems to 
recognize that we are at a local optimum of teaching the calculus, and that small 
reforms will not be effective-but I doubt that the installed professors are willing to 
go for a big change; it is too much trouble! 
Lax is enthusiastic about the importance of the continuous mathematics, and he 
is right; still there is an increasing amount of discrete mathematics, probability, and 
statistics in science and engineering, and it will not go away, let alone go away from 
the coming fields that will increasingly need a good, solid knowledge of mathe-
matics. One cannot, in my opinion, do serious statistics using only the discrete, since 
the "statistics of a statistic" is a fundamental idea that is essential to the under-
standing of statistics, and this involves the continuous! 
Maurer is also very good; but it becomes invidious to name some and not others, 
while a complete listing of all the names seems foolish. Even the pref ace is full of 
wisdom. Yet nowhere did I see the recognition that a calculus course is only part of 
a system of mathematical education and that the optimization of it is counterpro-
ductive to the mathematical education of society since it is well known in the field 
of systems engineering that optimizing a component generally degrades the system's 
performance. Calculus is needed both broadly, and in much greater depth, than was 
necessary in the past if people are to participate in the evolution of our society at 
other than a superficial level. We indeed live in an increasingly technical society in 
all fields, from science and engineering through the hard sciences and into the softer 
sciences, hence mathematics, along with probability and statistics, is now entering, 
inevitably, into even the humanities and arts. Mathematics is the language of clear 
thinking, and where clarity is wanted there is the need for mathematics. Calculus, 
being the basic language for describing change, will remain the basic intellectual 
tool for understanding our increasingly complex, changing society. Reform of the 
calculus course is necessary but I believe it must come from within the mathematical 
community and cannot be imposed from without. Will the mathematicians respond? 
I want to believe that they will, but I doubt it! 
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